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Abstract

A binary mixture of rarefied gases between two parallel plates is considered. The Poiseuille flow, thermal transpiration (flow
caused by a temperature gradient of the plates) and concentration-driven flow (flow caused by a gradient of concentration of the
component species) are analyzed on the basis of the linearized model Boltzmann equation with the diffuse reflection boundary
condition. The analyses are first performed for mixtures of virtual gases composed of the hard-sphere or Maxwell molecules and
the results are compared with those of the original Boltzmann equation. Then, the analyses for noble gases (He-Ne, He—Ar and
Ne-Ar) are performed assuming more realistic molecular models (the inverse power-law potential and Lennard-Jones 12,6 models).
By use of the results, flux databases covering the entire ranges of the Knudsen number and of the concentration and a wide range
of the temperature are constructed. The databases are prepared for the use in the fluid-dynamic model for mixtures in a stationary
nonisothermal microchannel derived in [S. Takata, H. Sugimoto, S. Kosuge, Eur. J. Mech. B/Fluids 26 (2007) 155], but can also
be incorporated in the generalized Reynolds equation [S. Fukui, R. Kaneko, J. Tribol. 110 (1988) 253] in the gas film lubrication
theory. The databases constructed can be downloaded freely from Electronic Annex 2 in the online version of this article.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

A precise description of gas flows through a microchannel becomes practically important in connection with the
recent development of the micro-electro-mechanical systems (MEMS) engineering. As the width of the microchannel
becomes comparable to the molecular mean free path, the behaviour of gas in the channel should be described not
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by the conventional fluid dynamics but by the rarefied gas dynamics, and one usually must resort to time-consuming
computations of the Boltzmann system. In the case of low Mach number flows through a very long channel (more
precisely, the characteristic length of the variation of physical state along the channel is much larger than its width),
however, one may save the computational resource by the use of the fluid-dynamic models, even when the Knud-
sen number [= (mean free path)/(channel width)] is not small. A well-known example is the generalized Reynolds
equation, which was proposed in Ref. [1] for the gas film lubrication problem and was recently applied also to the
microchannel flow problem in Ref. [2] (the degenerated Reynolds equation). Similar fluid-dynamic model for a binary
gas mixture in a stationary nonisothermal microchannel was devised recently in Ref. [3] to investigate the effect of
the gas separation induced by the Knudsen compressor [4-6].

Those fluid-dynamic models describe the mass conservation at each cross section of the channel, making use of data
of the mass flux obtained in the analyses of the elemental channel-flow problems based on the linearized Boltzmann
equation (see, e.g., Refs. [2,7]). In the case of the model devised in Ref. [3], for example, those elemental flows are the
Poiseuille flow, thermal transpiration (flow caused by a temperature gradient of the channel wall; see, e.g., Refs. [8,9])
and concentration-driven flow (flow caused by a gradient of concentration of the component species of the mixture)
between two parallel plates. Before starting analyses by the use of the fluid-dynamic model in Ref. [3], therefore, one
needs to prepare the flux data of those flows for local values of the Knudsen number, concentration and temperature
at every cross section and at every moment. The purpose of the present contribution is to construct and to provide the
flux database of the above three elemental flows which covers the entire ranges of the Knudsen number and of the
concentration and a wide range of the temperature. Such a database can readily be incorporated in the fluid-dynamic
model in Ref. [3] and also in the generalized Reynolds equation for binary mixtures.

The elemental channel-flows mentioned above have been intensively studied on the basis of the linearized Boltz-
mann equation mainly in the case of single-component gases (see, e.g., Refs. [10,11] and references therein), while
the study of such flows began focusing on the case of gas mixtures (e.g., Refs. [12-19]), because of the increasing
demand for their detailed information in practical situations. Indeed, the Poiseuille flow, thermal transpiration and
concentration-driven flow of binary gas mixtures through a plane channel have already been analyzed on the basis of
the linearized Boltzmann equation in Ref. [19] and its model equation proposed by F.J. McCormack [20] in Refs. [12,
16,17]. As a result, the behaviour of macroscopic quantities and the velocity distribution function of gas molecules as
well as the fluxes for a wide range of parameters were obtained in detail. In the present work, we will again analyze
the above three elemental flows of gas mixtures on the basis of McCormack’s model as in Refs. [12,16,17], but we
stress here that our main purpose is to construct and to provide their flux database that covers the entire range of both
the Knudsen number and the concentration. The database must also cover a wide range of temperature. To this end,
we use four different approaches depending on the Knudsen number regimes in the construction, i.e., the asymptotic
analysis for small Knudsen numbers (typically the Knudsen number Kn < 0.01), the direct numerical solution by a
finite-difference method (0.01 < Kn < 400), the conversion to a system of integral equations and its direct numerical
solution (100 < Kn < 109), and the analytical asymptotic solution for Kn — 0o. The reason for this combination will
be clear subsequently. In each regime, the numerical computation is carried out for discrete values of the Knudsen
number, concentration and temperature. The flux database is then constructed by the Chebyshev polynomial inter-
polation with respect to the former two and by the spline interpolation with respect to the latter. The database thus
constructed is provided as Electronic Annex 2 in the online version of this article.

The paper is organized as follows. To begin with, we formulate the problem in Section 2 on the basis of the McCor-
mack model equation and present the boundary-value problem to be solved. This problem is directly and numerically
solved for intermediate Knudsen numbers. In Section 3, we first carry out the asymptotic analysis of the problem for
small Knudsen numbers and derive the half-space problem (the Knudsen-layer problem) to be solved numerically
(Section 3.1). Then, we transform the boundary-value problem in Section 2 to a system of integral equations for
macroscopic quantities, which is used for the analysis for large Knudsen numbers (Section 3.2). This transformation
is possible because we adopt the model equation in place of the original Boltzmann equation. The resulting system
is solved numerically for large Knudsen numbers. It is also used to obtain the asymptotic behaviour of the mixtures
when Kn — oco. The method of flux database construction from the results of the analyses is given in Section 4. The
database is prepared for the following two kinds of mixture: (i) mixtures of virtual gases composed of the hard-sphere
(HS) or Maxwell molecules and (ii) mixtures of noble gases, i.e., He—Ne, He—Ar and Ne—Ar. In the latter case, we
assume the HS, Maxwell, inverse-power-law (IPL) potential and Lennard-Jones (LJ) 12,6 molecular models. Finally,
after a brief summary of the data of computation in Section 5, we conclude the paper in Section 6.
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2. Formulation of the problem
2.1. Problem and assumption

Consider a binary mixture of rarefied gases, say species A and B, between two parallel plates at rest. One of the
plates is located at X, = D/2 and the other at X, = —D/2, where X; is the rectangular coordinate system. Both of
the plates are kept at common temperature To(1 + C7X1/D) with C7 and Ty being constants, i.e., there is a uniform
temperature gradient in the X-direction. The pressure p of the mixture and the concentration x4 (the molecular
number fraction) of species A have also uniform gradients in the X -direction and are given by po(1 + CpX1/D) and
x(‘f + Cy X1/ D respectively, where Cp, Cy, po and XOA are constants (one can seek a solution whose pressure and
concentration are independent of X, in the linear analysis; see the sentence below and Section 2.2). On the assumption
that the (nondimensional) gradients Cp, C7 and C, are small, we investigate the steady flow of the mixture on
the basis of the McCormack model [20] for the linearized Boltzmann equation with the diffuse reflection boundary
condition. Note that the concentration xZ(= 1 — x4) of species B is given by Xég -CyX1/D (Xég =1- X(f) by
definition, i.e., the gradient of x5 has the same magnitude as that of x4 but the direction is opposite.

Let us now summarize the main notation used in the paper. In the sequel, the Greek letters « and S8 will be
used symbolically to represent the gas species, i.e., {«, B} = {A, B}. The ng is the reference molecular number
density of the mixture and is defined by ng = po/«x Ty, where « is the Boltzmann constant. The x; is the nondi-
mensional coordinate system defined by x; = X;/D. The m® is the molecular mass of species «, (2« T/ m4)l/ 2{,- [or
2k To/m™)/2¢] the molecular velocity and ng(m* /2« To)3/%( Xo + @*)E“ the velocity distribution function of the
molecules of species «, where E%(¢) = (m®/m)3/? exp(—m®|¢|?) with m® = m®/m*. The molecular number den-
sity, flow velocity, pressure, temperature, stress tensor and heat-flow vector of species « are denoted, respectively, by
no(x§ + %), Qe To/m™) 2uf, po(x§ + P*), To(146%), po(x§8ij+ PS) and po(2kTo/m*)'/* OF , where 8;; is the
Kronecker delta. Those of the mixture are denoted by no(1 +w), 2k To/m*)/?u;, po(1+ P), To(146), po(8;j + Pij)
and po(2«xTo/m*)1/?Q;. The definitions of the macroscopic quantities w®, uf, etc. in terms of moments of ¢* are
given in Appendix A. The particle flux of species o flowing between the plates in the X {-direction per unit width in
X3 and per unit time is denoted by ng(2« To/mA)]/sz(‘)" M®* with

1/2

M* = / uf dx. 2.1
—1,2

2.2. Similarity solution

It is well known that the solution ¢¢ for the present linear problem can be put in the following form (see Refs. [10,
19)):

. 5
P* = {Cpxg‘ +Crxo |:ma(§22 +¢0) - 5} +Cy })ﬂ
+ 018, [CP@G(x2, 82, 8p) + CrPF (x2, 82, £p) + C Y (x2, 82, 8p) ], 22)

with ¢, = ,/;12 + 4“32. Here and henceforth, the double sign £ (or ) means + (or —) for « = A and — (or +) for
o = B. In the above form, terms containing Cp correspond to the solution for the Poiseuille flow, those containing
Cr to the solution for the thermal transpiration and those containing C, to the solution for the concentration-driven
flow.

The macroscopic quantities @*, uf, etc. of species o corresponding to Eq. (2.2) are expressed as follows [see
Eq. (A.1) in Appendix A]:

o =(Cpxs — Crxi £Cy)x1,
ui =8;1(Cpup + Crug + Cxui),
0% =Crxi, P*=(Cpxy £Cy)xi, (2.3)
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P =38;j P + (8i18j2 + 8i28j1)(Cp Pp + Cr P} + Cy P,
0f =61(CpQp +Cr 07 +C, 09),

where u%, P§ and QF (J = P, T, x) are written as
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Similarly, the macroscopic quantities of the mixture are expressed as follows [see Eq. (A.2) in Appendix A]:

w=(Cp—Cr)x1, u; =98;1(Cpup + Crur + Cyuy),
0 =Crxi, P =Cpx,

(2.5)
Pij=68ij P+ (8162 + 828 j1)(CpPp + C7 Pr + Cy Py),
0;=61(CpQOp+Cr0r+C,0,),
where uy, Py and Q; (J = P, T, x) are written as
-1
o= X )T atf)
B=A,B B=A,B s (2.6)
B B B B
Py = Z Py, Q= Z[Q]_EXO(UJ_M‘])].
B=A.B B=A,B

From Eqgs. (2.3) and (2.5), one can see that the pressure p [= po(1 + P)] of the mixture and the concentration
x4 (= X(f‘ + ot — Xé“a)) of species A are written as p = po(1 + CpX1/D) and x4 = X(f‘ + Cy X1/D respectively.
Therefore, they are independent of X; and satisfy the setting of the problem (see Section 2.1). Moreover, one can see
that the temperature T [= Ty (1 4 6)] of the mixture is written as T = To(1 + C7 X1/ D), which is also independent of
X5 and coincides with the temperature of the plates.

The nondimensional flux M is written in terms of u9 as

M® =CpM% + Cr M§ + Cy M2,
1/2

M7 = / ufGdxy (J=P,T,x).
“12

2.7)

2.3. Basic equation and boundary condition

The McCormack model equation [20] (the third order model) for @9 (J = P, T, x) can be written in the following
form:
P9 1
2%x,  Kn

Y KPP - P9 — 18 (@=A, B), 2.8)
B=A,B

with
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LA = 2%, {L'fj‘ +oLh 4+ [r?z“(;z +¢ - ]Lﬂ“}
o o o o A2 2 5 o
IP=X0§,0’ 1T=X0§p m ((2 +§p)—§ , Ixzifp,

b _ dP N1\ g _ 2P
—\aax ) GGea) TG

Kn=1y/D, lo= [x/inno(di“‘)z]_1

2.9)

Here df “(=df b ) is the reference molecular diameter in B—« collisions, [y the reference mean free path of a molecule
and Kn the Knudsen number. The definition of df  for several molecular models is given in Appendix B. The Lf}x
(i =1,2,3)is defined as

B
1B _ ey o BBy (D x5 Q] AN 210
= Xoug + X0 xo (wy —upvg, + B Ve (2.10a)
4
L5 = (CP* — x§vi PY + x§vse PY (2.10b)
5 6 Sxg X 2
Lhe =< [(Cﬁ“ X6 Vo) ©F + X6 v @) + =550l — ) )] (2.10¢)
The v(") (n=1,2,...,6) are defined as
) _ 8P e ) 8P spa S (1)
/301_3 I’;ia 11> /30(_ 5 3ma 12 2/30(

4 mbe me
3 — Ba )] () @O _ (3)
;301 - A <5 he 922 + Y ﬂa) Uﬂa - 2 B(x )

8 [ mb 15 25 . 1
vé?J:—(”'i ) [9§§‘+(—m P 2om )Qf{"——’" <59”°‘—szﬂ“>}

@2.11)

15 b 4 8 mv
Ba o 55 . 5 4 1.
© _ 8 (m n N spa D apa 1 Apa
ﬂa_ls(ma)mﬁ( ofe + Dot S +2913).

Here an is a nondimensional counterpart of the Chapman—Cowling integral Qﬁa [Eq. (10.1,1) in Ref. [21]], whose
definition and expressions for several molecular models are given in Appendix B. In general, an is a function of 7
(= To/ Ty) with T, being a certain fixed temperature where df * is determined [e.g., df ® for the IPL model is defined
by Eq. (B.3) in Appendix B]. The C#% is a constant related to the collision frequency between species o and 8. It

is seen from Egs. (2.8)—(2.10c) that CA* appears only in the form K 8¢ C8« 4 K4¢CA%(= C%). We adopt the same
definition of C¥ as that in Ref. [22], which is written as

C* = x&/n. 2.12)

The [1“ is a constant related to the transport coefficient, whose definition is given in Eq. (C.3) in Appendix C.

The boundary condition on the plates at x, = :I:% is the diffuse reflection condition. In the following, however, we
assume @%(x2, &2, ¢p) = P%(—x2, —&2, {p) making use of the symmetry of the problem and seek the solution in the
interval 0 < xp < % imposing the specular reflection condition at x, = 0. That is,

1
5 =0 f0r§2<0atx2=§, (2.13a)
@95(0,22,¢p) =950, =2, ¢p) for & > 0atxy; =0. (2.13b)

The conservation of the momentum in the x1-direction of the total mixture and the boundary condition (2.13b) lead
to the following relations:

Pp=—x;, Pr=P, =0. (2.14)

These relations will be used later to estimate the accuracy of the numerical computations.
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2.4. Further reduction

The independent variable ¢, in the boundary-value problem (2.8), (2.13a) and (2.13b) can be eliminated in the
same manner as that in Ref. [23]. Let us define the marginal velocity distribution functions F§ and G as

o
Fy=m

(FPYE* sy,
(2.15)

0\80\8

GO[ 2 ﬁ 2_1 (pOZEOtd
1=\ 5% JEdgp.

Integrating Eq. (2.8) multiplied by nng"‘ or ngg[(n%“ /2)53 — 1]E“ with respect to ¢, over its whole space, we
obtain the following equation:

o [ F% 1 L% F¢ 14
v ot )=l et <62 )L ) @
oxz | GY Kn\| L, GY I¢;

N 1
Ly = [L‘i‘, +ols; + (m"‘:% - 5) %‘1]5“@2), 2.17)
LEy =L5,E% @),

with

and

L= 3" KPP (i=1.2.3),
B=A,B

e\ 172 ) (2.18)
E¥y) = (;) exp(—my©).
The inhomogeneous terms I, and I(; ; are defined as
X0 . 1
lip= 2r70“£a(§2)’ Ipp =Ipp <m“;“22 - §>,
] (2.19)
ng=i2r;la5a(§2)’ IgP=ng=0’ I?}T=I%P'
Equation (2.4) for the macroscopic quantities u%, P} and Q9 can be recasted in terms of F'§ and G% as
1 o0 o
uy = I / Fjde, Py =2m" / 0 Fjdo,
0
o ° - (2.20)
1
¢ = / [(ﬁﬂ;} - E)FJ“ + 203} d¢,.
The boundary conditions for F'§ and G are derived from Egs. (2.13a) and (2.13b) as
Fy 0 f 0 at ! (2.21a)
= orf <0atxy = — 2la
Ge 9) =5
Fy Fy
Go 0,%) = Go 0, —=&) forgy >0atx, =0. (2.21b)
J J
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3. Plan of analysis

In principle, the boundary-value problem (2.16), (2.21a) and (2.21b) can be solved directly and numerically by
a standard finite-difference method. However, this direct approach does not work well practically in small or large
Knudsen number regimes because of different reasons. Therefore, we carried out the finite-difference analysis only
in the intermediate range of the Knudsen number. In small Knudsen number regime, we carried out an asymptotic
analysis of the problem and numerically solved the associated Knudsen-layer problem derived in the analysis. In large
Knudsen number regime, we considered a system of integral equations for macroscopic quantities that was derived
from the above problem (2.16), (2.21a) and (2.21b) and solved it numerically. The analytical expressions for the
asymptotic behaviour as Kn — co were also obtained from this system. The analyses in small and large Knudsen
number regimes are described in the following two subsections.

3.1. Asymptotic analysis for small Knudsen numbers

Let us now seek an asymptotic solution of the boundary-value problem (2.16), (2.21a) and (2.21b) for Kn « 1
following Sone’s asymptotic theory [24,25,9] and its extension to mixtures [26].

3.1.1. Hilbert expansion
To begin with, we seek a moderately varying solution of Eq. (2.16) [i.e., 9F§/dxy = O(F{) and 0GY%/dx2 =
O(GY%)] by the power series expansion (Hilbert expansion) as follows:

@ =% Kol R +hG Kn oo (% = FY, G9). 3.1)

Correspondingly, the macroscopic quantities are also expanded in the same manner, i.e., Eq. (3.1) with 2§ =u9, P}
or Q9. Substituting the above expansion into Eq. (2.16) and equating like powers of Kn, we obtain the following
expressions for F§ ) and G¢ Ty

FS oy =x6uG @), Gy =0, (3.22)
1/, 1
ey =37 (x2 - Z)’ U (1) =y (-1 =0: (3.2b)
J(O) (Xo uJ(O) +& Pj(()))g (£2), G?(o) =0, (3.2¢)
up ) =bp©), U0y = U5 =0 (3.2d)
it
Ppoy = A P70y =P} =0, (3.2¢)
1 Pio
Fig= a(Lofw(l) — I, — GE (& ) ¢ )) (3.2f)
10 = a (LGm) IGp); (3.29)
FJ“(n) = Gj(n) =0 (n=2,3,..). (3.2h)

In the derivation of the above results, Eq. (2.14) and the boundary condition (2.21a) and (2.21b) were partially used
(see the last paragraph in this section). The bp (o) in Eq. (3.2d) and b, (1) (J = P, T, x) appearing later in Eqgs. (3.3)
and (3.4) are the so-called slip coefficients, which will be determined in the Knudsen-layer analysis explained in the
next section. The & and 4% in the above and D, ﬁA B, 157 and A% appearing later in Egs. (3.3)—(3.5) are constants
related to the transport coefficients, whose definitions are given in Appendix C. The L%, ) in Eq. (3.2f) and L 7
in Eq. (3.2g) are defined by Eq. (2.17) with u%, P{ and Q¢ replaced, respectively, by ”3(1)’ P}"(l) and Q9 ,,, where
Pj‘(l) =0 (J =P, T, x) and the others are given as follows: for / = P, T

1 A
iy =biw F 540, Qja)=ED"A +TF, 3.3)
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and for J = x
¢y =bya) F A @ =+pe A8 3.4
Uyy =bx) F Ay Qx(l)_ A B’ (3.4)
Xo Xo
with

AP_ﬁAB[ﬁ<I_£>_ﬂ_A(I_£>}
iLxE sxixg /) X Sxixg /L
P P + K P x g vl P

o

Ta

P= T - 6) (6 A’
2neiBIrerd — x& v (kb2 (3.5)
D .
AT = A—TB’ Tjo"l = _)La’
Xo Xo

sy= (1o ) Do

’ X0 +mPxg ) X kg

Here I"® is defined in Eq. (C.3) in Appendix C and B # o is supposed in the expression for 75 in Eq. (3.5), i.e.,
B =B fora= A and 8 = A for « = B. See the sentence after Eq. (2.2) for the double sign £ (or F). It is seen from
Egs. (C.2) and (C.3) in Appendix C that Ap, Ar and Q‘)"((l) are finite at X64 =0 and X(f = 0. The u?(]) (or uf(l))
diverges at X64 =0 (or X(f = 0), whereas X(’)“u?(l) (or XOBu)I?(l)) remains finite.

The solution FJ"‘(_I)
O(Kno) and F;‘(l) and G? ) of O(Kn') were not. In the next section, we will construct the solution which satisfies
the condition (2.21a) by introducing a correction in the neighbourhood of the plate which varies in the scale of the
mean free path /.

of O(Kn~!) was constructed so that it satisfies the boundary condition (2.21a), but Ff,‘(o) of

3.1.2. Knudsen-layer problem
Here, we seek the solutions which satisfy the boundary condition (2.21a) in the following forms:

Fp=Fp Ko™+ (Fp)+ fho) + (Fpay + fp)Kn,
Gp =¢gp@ + (Gpa) + &pa)Kn,

Fy = (Fg(l) + f}xa))Kn J=T,x),

G4 = (G +&5a)Kn  (J =T, ).

(3.6)

The fj‘(n) and g9 o) are the corrections which are appreciable only in the neighbourhood of the plate and vary in the
distance of O(ly). In the following, we call F}"( ) and GY o the Hilbert part of the solution, and fj‘( ) and gj‘(n) the
Knudsen-layer part of the solution. Correspondingly the macroscopic quantities u9, etc. are also expressed as linear
combinations of the Hilbert part u‘j( .- €tc. and the Knudsen-layer part [see the sentence after Eq. (3.8)].

Let us substitute Eq. (3.6) into Eq. (2.16) and rewrite it in terms of the stretched coordinate n and ¢ defined as

1 /1
n= ﬁ(i —X2>7 c=—0. (3.7)

Taking into account the fact that F }"(n) and G9 ) satisfy Eq. (2.16) and the above mentioned assumption for f}"( n) and
g‘}(n) [i.e., 8f}"(n)/877 = O(f}"(n)) and 383(,,)/377 = O(gg(n))], we obtain the following equation: for (J,n) = (P, 0),
(P, 1), (T, 1)and (x, 1)

o
e f5<"> = ig“m —C® f5<"> . (3.8)
| 85m) eJ () 8im)
Here E‘;‘c J(ny and Eg J(ny are defined by Eq. (2.17) with £ replaced by c and the macroscopic quantities u%, P and Q9
by their Knudsen-layer parts U }“(n), Sj‘(n) and W‘]"(n) respectively. Those Knudsen-layer parts are defined by Eq. (2.20)



452 S. Kosuge, S. Takata / European Journal of Mechanics B/Fluids 27 (2008) 444—465

with &7, F{ and G being replaced by c, f}’(n) and g‘}‘( - The boundary conditions for f}’(n) and g‘}‘( ) can be derived
from Eq. (2.21a) and the assumption that f}”( ) and g (n) Are appreciable only in the neighbourhood of the plate:

o _F“
|:f({l(") :| = |: I :| forc>0atn=0, (3.92)
-G
) J(n)
o
Tio | [8} as 1) — 0o, (3.9b)
)

with Fj‘m and G‘;( ) in the right-hand side of Eq. (3.9a) being evaluated at x, = % We shall call the half-space

problem (3.8), (3.9a) and (3.9b) the Knudsen-layer problem [27].2 In this problem, corresponding to Eq. (2.14), the
conservation law and the boundary condition (3.9b) lead to

S1in (= STy + STm) =0. (3.10)
This relation will be used later to estimate the accuracy of the numerical computations.
3.1.3. Expressions for the particle fluxes
As mentioned after Eq. (3.6), the flow velocity u9 is expressed as a linear combination of the Hilbert part ui( ) and

the Knudsen-layer part U j‘(n). Correspondingly the particle flux M is also expressed as the sum of the contribution
of the Hilbert part MY, ; and that of the Knudsen-layer part M ;:

MG =M%, +Mg,. (3.1
The M7, ; is obtained by the integration of ”3(;1) in Egs. (3.2b), (3.2d), (3.3) and (3.4):

1 1
Yp=————+b b —Ap |Kn,
HP 12/iKn +0bpo) + < P F 5 P> n
1
M%IT = (bT(l) F EA]‘)KH, (3.12)

M%X = (bx(l) F A‘)"()Kn.
The M§ ; is expressed as follows:

M%P = (M%(O) + M%(I)KH)KH,

o ¢ 2 (3.13)
with
o
T =2 / Uj iy dn. (3.14)
0

The slip coefficient b, in Eq. (3.12) and ./\/lg(n) in Eq. (3.13) are obtained by the analysis of the Knudsen-layer
problem (3.8), (3.9a) and (3.9b).

3.2. Analysis for large Knudsen numbers based on integral equations

When the Knudsen number becomes large, the solution F§ and G% of the boundary-value problem (2.16), (2.21a)
and (2.21b) localizes to the neighbourhood of ¢, = 0 in the {>-space and shows abrupt change around there. Such
behaviour of the velocity distribution function is clearly shown in Refs. [10,19], where the problem was analyzed on

2 The boundary condition (3.9a) contains an undetermined constant (the slip coefficient) b ) [see Egs. (3.2c)~(3.2g), (3.3) and (3.4)]. In the
case of the linearized Boltzmann equation for hard-sphere molecules, it is proved in Ref. [27] that the Knudsen-layer problem has a unique solution
if and only if the slip coefficient takes a special value and the solution decays exponentially as 7 — co. We assume that the same holds in the
present analysis based on the McCormack model.
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the basis of the original Boltzmann equation. Consequently, we must use finer grid points in ¢ around ¢ = 0 to carry
out accurate computations for larger values of Kn. In order to bypass this difficulty, we consider the transformation of
the problem into a system of integral equations for macroscopic quantities and make use of it in the analysis for large
Knudsen numbers.

In this section, we first derive a system of integral equations for macroscopic quantities from the problem (2.16),
(2.21a) and (2.21b). Then we derive the explicit expressions of the macroscopic quantities for Kn — oo from the
integral equations, following the similar analyses in the case of single-component gases in Refs. [28-30].

3.2.1. Integral equations for macroscopic quantities
The solution F}" for fixed ¢»(# 0) of the boundary-value problem (2.16), (2.21a) and (2.21b) may formally be
written as

77 oKn exP(QKn(S x2)> Fy(s382)ds Cca'FJ eXP(QKn Xu X2)> , (3.15)

Xw

where x,, = :F% for £ 2 0. In the above expression, L% ; is defined by Eq. (2.17) and has a property L% ;(x2; {2) =
L% ;(—=x2; —&2) owing to the assumption made in the second paragraph in Section 2.3. A similar formal solution for
GOJ‘ can be derived, but is omitted for conciseness.

Substituting the above results for F§ and G into Eq. (2.20), we have a system of integral equations for u5, P}
and Q09:

1/2 .
1 c” o 1 4
XO”J_IUJ+Ca Ag s+x2,s—xz;a L”(s)—ELy(s) ds
0
1/2 -
1 " Ca o
- Ag S+ X2, 8 — x5 L5,(s)ds
0
1/2 ~
N me c“
+ e /A](s 4+ Xx2,8 — Xx2; e )Lg‘/(v)ds (3.16a)
0

1/2 ~
1 1 - ce 1
MTP.?ZI%J—FE/AE;(S‘FXZ,S_XZ; a)[LaJ(S) Laj(s):|
0

1/2 ~
1 /A' ( + C“)L ()d
= 11 X2,8 — X2; 27 Ss)as
/o K
n 0

1/2 o
1 c*
K_ S+ x2,8 — xz, L”(s)ds (3.16b)
0
1/2 -
1 2 C*\ 4
09+ X()uj_ IQJ+Ca Ag s+x2,s—x2;a L3;(s)ds
0
1/2

e C\[ . 1
Kn Al s +x2,5 —x25 — Kn L]J(S)+ L3/(S)
0
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éa
——/Aé’(s +Xx2,8 — x2; Kn )L%‘J(s)ds
12

T Cv(x
+ ’ZK? / A6<s+x2,s — X3; ﬁ>L%‘J(s)ds,
0

with C¥ = /2 C¥ and

" _X(‘j‘Kn {+ A 1 1 e
P = qeca | T AN TR TR )]

Ja Ko Lo ] Ce
= A s+ X,  —x—— ),
PP = 2Ghey3zce S\ 2 T 2 TP Kn

p = 2K L &
=——|- S4x0, o —x— | |,
QP = gpaca 2727 Kn

IO[ :__Iﬂl IO[ ,
UT >lup T 1gp
1 x& 1 1 c
o o 0 A/ .
IPT_ EIPP+4 QA (E—l-xz,i—xz,ﬁ),

. X8 1 1 e
IQT—ZIUP+IQP+4 — ] +x272 xz’ﬁ )

IUX—j: I8 p, lpx—i IPP, %, = 5 IQP
0

(3.16¢)

(3.17)

See the sentence after Eq. (2.2) for the double sign +. The Ag, A, (n =0, 1,2), etc. in Egs. (3.16a)—(3.16c) and

(3.17) are expressed in terms of the Abramowitz function J,, [31] as

72 A (s, t5a) = Ju(as) + Ju(alt]),
72 A (s, t;a) = Ju(as) — Ju(alt]),
7' 2AL (s, 1a) = s Ju(as) + [t1a (alt]),
72 Al (s, t;a) = sJy(as) — |t] Iy (alt]),
7' 2 Al(s, t; @) = Jy(as) + sign(t) J (alt]),
All(s,t;a) = All(s, —t; a),
ﬂ]/zAG(S,t;a)=G(S;a)+G(|l|;a),

where sign(t) = +£1 for r 2 0 and

J,As):/t"exp( t ——)dr

2Js(as) — Jo(as)
-

G(s;a)=

(3.18)

(3.19)

Some properties of J, [Eqgs. (27.5.2) and (27.5.3) in Ref. [31]] were used in the derivation of Egs. (3.16a)—(3.16c)

and (3.17).

It should be noted here that essentially the same integral equations have been derived and solved by means of the
variational method of approximative nature in Ref. [12]. In contrast, we performed straightforward computations to

obtain more reliable solutions (see Section 5.3 for the details).
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3.2.2. Asymptotic analysis for large Knudsen numbers
We now investigate the asymptotic behaviour of the mixture for Kn — oco. The following power series representa-
tion for the Abramowitz function J,, can be derived from Eqs. (27.5.2)-(27.5.4) in Ref. [31]:

Jo) =" (122 ) wsmms— Tl 4
0(s) =— 57 s +slns 5S ,

1oxl2 3
Sy =L 3oyt 4o, 3.20
1) =5 - —7=s+7(l-y)s"+ (3.20)
J()_n.l/2 | +ﬂ1/2 .y
H(s) = 1 25 2 s ,

where y (= 0.577 216) is the Euler constant. Substituting the above expansions into Eq. (3.18), one can see that the
integral kernels and the inhomogeneous terms in Egs. (3.16a)—(3.16c) are expressed in the following expansions:

V(Kn) = (Kn 'InKn)V® + Kn~'v®D 4 O(Kn~? InKn),
(3.21)
I(Kn) = (InKn)/© + 71D 4+ O(Kn~!InKn),

where V (Kn) represents the integral kernels Ag/C?, Ag /Kn, (vVm*/Kn)Aq, etc. and I (Kn) the inhomogeneous
terms I} ;, I3, and 1 g ;- Then, bearing in mind the structure of Egs. (3.16a)—(3.16c¢), one obtains
U=(InKn)I? + 1" +0O[Kn™!(InKn)*], (3.22)

where U represents the left-hand sides of the integral equations (3.16a)—(3.16¢). Equation (3.22) means that x;u?,
P§/2m* and QF + xgu¢ /2 coincide, respectively, with I}, I, and 1 5 ; up to the second term of the expansion.
As a result, the macroscopic quantities for Kn — oo are given as follows:

1 3 1 1 1 1
u ~ T |:—ann -1+ Ey +ln(\/nA1‘”C°‘) + (5 +x2) ln(z +xz) + <§ —x2> ln<§ —x2>],
1 X
PR~ —xgx, Q%+ Safup ~ =
| ) 4vm (3.23)
ug~——up —
2 4T

1
Xous ~ Eup, Py~ Fxa, 0% + Ex(‘i‘u(j‘( ~F

PO, 05~ adu,
1
aTme

Integrating u’, u7 and u% in Eq. (3.23), we have

1 3
M = —InKn— =(1 — y) + In(~/meC® }Jro Kn~!(InKn)?],
| 20—y em(vaee) | +of ]
1 1
M%¢=———|InKn+ =(1 —3y) — In(~/meC¥ }+o Kn~!'(InKn)?], (3.24)
= i mKn o 51= 39) ~ () |+ O] ]
XM =t —— [—ann — %(1 —y) —i—]n(«/n%"‘C“)] +O[Kn~! (InKn)?].
TmY

4. Database of the particle fluxes

In the present work, we consider the following two kinds of mixture: (i) mixtures of virtual gases composed of the
hard-sphere (HS) or Maxwell molecules and (ii) mixtures of noble gases, i.e., He—Ne, He—Ar and Ne—Ar. In the latter
case, we assume the HS, Maxwell, inverse-power-law (IPL) potential and Lennard-Jones (LJ) 12,6 molecular models.
For those mixtures, we carried out the analyses described in the previous sections and constructed the databases of the
particle fluxes M§ (J =P, T, x;a=A, B).

In this section, we first show the method of the database construction and then show the behaviour of M obtained
by the databases. The behaviour of the macroscopic quantities %, etc. and that of the velocity distribution functions
will be omitted for conciseness (see Refs. [16,17,19] for them).
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4.1. Construction of the database

We first note that if one specifies the substances of the component gases, i.e., parameters concerning the properties

of molecules or molecular interactions such as m®, df . etc. (see Appendix B and Table 1 appearing later), the
boundary-value problem (2.16), (2.21a) and (2.21b) [or the system (3.16a)—(3.16¢)] is characterized by Kn, xé“ and

f‘o (= Ty/ Ty) [Chapman—Cowling’s integral in Eq. (2.11) is a function of f"o; see Appendix B]. Therefore, the particle
flux M is a function of those three parameters.

Let us first construct a database of M for fixed To using the Chebyshev polynomial approximation with respect to
Kn and X()L‘ following Ref. [32]. Let C,, be the Chebyshev polynomial of order n, which can be defined by [33]

Cn(cosf) =cosnf (0<0<m). 4.1)
The M? for fixed f"o is approximated by C, in the interval Ko < Kn < Kj and 0 < Xé‘ < 1as[33]

N
Nk . <Zann—ln(K1Ko)

M%(Kn, x3', Tp) = amn(To)C
e }:302:; VT (Ko /K)

)Cn(zon - 1. (4.2)

The coefficients a,,, are written as

1 Ng—1Ny—1 i
amn(T()) m Z Z j(l ])(TO)Cm(sl)Cn(S/) +Mj(l ]+1)(TO)Cm(Si)Cn(Sj+l)
i=0 j=0
+ MJ(,+1 ])(TO)Cm $i+1)Cn (S/) + M J@i+1, ]+1)(TO)Cm (St+l)cn(s/+l)) 4.3)
withég =€éng =2, €1 =+ =€ng—1 = l,eozeNX =2, 61=~~=6NX,1=1 and
o In(K;/Ko)_  In(KiKp) s;+1 .
M?(,‘,j)(TO) = 7( ) si + ) Ty Tp ), (4.4a)
_ b4
Si =cos(i—> i=0,1,...,Nx), (4.4b)
Nk
LT .
sj:cos<]—) (j=0,1,...,Ny). (4.4¢)
Ny
The above M% 7G,j) are obtained by the analyses of the problem (2.16), (2.21a) and (2.21b) [or (3.16a)—(3.16¢)] for

(Nx + 1) X (Ny + 1) pairs of the parameters (Kn, x; 4) corresponding to the Chebyshev abscissa. The coefficients am”
are obtained by Eq. (4.3) and stored as a database. Then, M at arbitrary values of Kn (Ko < < Kj) and Xo is
given promptly by the formula (4.2).

The M9 for small Kn is given by Egs. (3.11)~(3.14). The b, (the slip coefficients) and /\/l“( defined by
Eq (3 14) are determined by the analysis of the Knudsen-layer problem (3.8), (3.9a) and (3.9b) and are functlons of
(Xo , To) in this case. The databases of b j(n) and M¢ T(n) for fixed To can be constructed by use of the Chebyshev

polynomial approximation with respect to Xo in a similar manner as that described above.
Such databases of M7, b and M, are to be constructed at several different values of To in a certain range

Tmln To Tmax Then, one can obtain M ¢ at an arbitrary value of To in that range by means of the spline interpola-
tion.

Electronic files of the databases and FORTRAN codes which reproduce the values of M }“ at arbitrary values of Kn
and Xé‘ in a wide range of Ty are available as Electronic Annex 2 in the online version of this article. As explained
in Section 1, those databases can be readily incorporated in the fluid-dynamic models for practical channel-flow
problems. For instance, one can investigate the behaviour of a binary mixture in a stationary nonisothermal plane
channel or in the Knudsen compressor by use of the fluid-dynamic model in Ref. [3] with the databases constructed
above [M% (K, X(oy Ty) in Ref. [3] is equivalent with M9 (Kn, X, Tp) in the present work with Kn =K, xg = X(%)

and To = W]. Other examples illustrating how to use the flux database are found, e.g., in Refs. [1,7] in the case of
the generalized Reynolds equation for the gas film lubrication problems and in Ref. [2] in the case of the degenerated
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Reynolds equation for the microchannel flow problems, although those references are concerned with the case of a
single-component gas.

4.2. Results for virtual gas mixtures

We carried out the analyses for virtual gas mixtures with m?/m4 =2, 4 and 10, and d® /d* = 1 for hard-sphere
(HS) molecules (d* is the molecular diameter of species o) and d28 /dA4 = dB4 /dA4 =1 for the Maxwell mole-
cules. It should be noted that M9 for the HS molecules are independent of T, whereas that for the Maxwell molecules
depends on it and satisfies the following relation (see Appendix B):

M%(Kn, xg', To) = M$ (Kny/ To, x' 1). (4.5)

That is, M 3‘ at an arbitrary value of f"o can be obtained from that at f"o = 1 by the transformation of Kn. Therefore,
the analyses for the Maxwell molecules were carried out only at To=1.

The particle flux M§ for HS is shown as a function of Kn in Fig. 1. The M;‘ and Mf of the thermal transpiration
and |M ;‘| and M f of the concentration-driven flow grow monotonically for increasing Kn. In the meantime, |M ﬁ|
and |M g | of the Poiseuille flow have their minimums at Kn ~ 1, which is a phenomenon well known as the Knudsen
minimum (see, e.g., Ref. [34]). The difference between M ﬁ and M g tends to vanish as Kn decreases, because the
Hilbert part MY, , up to O(Kn®) is common to both species [see Eq. (3.12)].

In Fig. 1, the results of the linearized Boltzmann equation obtained in Ref. [19] are also shown for comparison. As
can be seen in the figure, the McCormack model reproduces well the results of the Boltzmann equation, especially
when Kn is small. This reflects the fact that those two equations give the same expressions for the transport coefficients
at their first or second approximations in the Chapman—Enskog theory (see Appendix C and Ref. [21]).

Figure 2 shows the results for the Maxwell molecules. As is well known, the thermal—diffusion coefficient is zero,
ie., Dr =0 (see Appendix C) in the case of the Maxwell molecules. Consequently, the difference between M 7‘? and
Mf tends to vanish as Kn decreases [see Egs. (3.12) and (3.5)].

We should stress that the databases constructed and provided as Electronic Annex 2 can reproduce values of M§’s
in the entire range of Kn and Xé‘, whereas their behaviour only at Xé‘ = 0.5 in the limited range of Kn is shown in
Figs. 1 and 2. Supplementary figure and more detailed numerical data are presented as Fig. 1 and Tables 1-18 in
Electronic Annex 1 in the online version of this article.

4.3. Results for mixtures of noble gases

We carried out the analyses for mixtures of noble gases, i.e., He—Ne, He—Ar and Ne—Ar, assuming the hard-sphere
(HS), Maxwell, inverse power-law (IPL) potential and Lennard-Jones (LJ) 12,6 molecular models. The molar weight
of He, Ne and Ar are 4.003, 20.183 and 39.944 respectively. The other data of the molecules (see Appendix B) used
in the present work were mainly cited from Ref. [21] and are listed in Table 1.

The data in Table 1 concerning the molecular interactions between the same species are determined from the
viscosity and those between the different species are from the mutual diffusion coefficient. In particular, we determined
df ¢ of the Maxwell and IPL model by equating the first approximation [x]; of the viscosity and [D1>]; of the mutual
diffusion coefficient in the Chapman—Enskog theory [see Egs. (9.7,3) and (9.81,1) in Ref. [21]] to their experimental
values measured at temperature 7, = 273K. Incidentally, the diameter of a HS molecule in Table 1, which was cited
from Ref. [21], is determined from an experimental value of the viscosity measured at the same temperature. As a
result, using the data in Table 1, one reproduces values of the viscosity and mutual diffusion coefficient (or .Qé“zA,
92%3 and .QIB]A) which are almost common to all the molecular models at temperature To(= T) = 273 K. However,
they differ each other at other temperatures (7p # T%), since the temperature dependence of the transport coefficients
(or .an) is different for respective molecular models.

Figures 3-5 show M for the mixture of He (species A) and Ne (species B) in the case of X{f‘ = 0.5 as a function of
the Knudsen number: Fig. 3 is for f"o =1 (or Tp =273 K), Fig. 4 for f"o =2 (Ty =546 K) and Fig. 5 for f"o =05(Ty=
136.5 K). Here we introduce do = 2.193 x 10~8cm as the reference molecular diameter for He—Ne mixture, which
is common to all the molecular models, and define Kn’ = aKn with a = (de /do)? [i.e., a = L(HS), 1.38(Maxwell),



458 S. Kosuge, S. Takata / European Journal of Mechanics B/Fluids 27 (2008) 444—465

T T T T 1.6
0.6
Ex
R
=

MA

—xo0 M, X

Fig. 1. Particle fluxes M$, M% and M;’(‘ vs Kn for virtual gas mixtures composed of hard-sphere molecules in the case of mB/mA =2, 4 and 10,
dB/d* =1 and xéq =0.5. The indicates the results of species A and — — — those of species B. The results of the Boltzmann equation at 18
points of Kn [0.05 < (y/7/2)Kn < 20] obtained in Ref. [19] are also shown by O (mB/mA =2)and A (mB/mA =10).

1.6F
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Fig. 2. Particle fluxes M$, M‘% and M;‘ vs Kn for virtual gas mixtures composed of the Maxwell molecules in the case of mB / mA = 2,4 and 10,
de/de = de/de =1, f"o =1and )((‘)‘x =0.5. See the caption of Fig. 1.

Table 1

Data of molecular interactions between noble gases used in the present work

Species a—p dfa x 108(cm) vhe P2 /k(K)
Hs Maxwell IPL L] IPL L]

He-He 2.1932 2.58 2.50 2.70b 13.7¢ 6.03b

Ne-Ne 2.6022 3.06 2.97 2.80P 13.4¢ 35.7b

Ar-Ar 3.6592 430 4.32 3.42b 7.5¢ 124b

He-Ne 2.404 3.00 2.74 2.64¢ 13.55¢ 23.7¢

He-Ar 2.93d 3.50 3.32 2.98¢ 9.6f 40.2¢

Ne-Ar 3.134 3.85 3.66 3.11¢ 9.53f 61.7¢

a

In the fourth column of Table 11 in Ref. [21], p. 228.

In the second and third column of Table 17 in Ref. [21], p. 237.

In the third column of Table 14 in Ref. [21], p. 232.

In the fifth column of Table 22 in Ref. [21], p. 263. Data by the rule of d2% = (@?f + d2) 2.

In the sixth and seventh column of Table 23 in Ref. [21], p. 265.

Data by the rule of —1 + 2(v¥% vBP — 1)/ (% + vPB —2). This is often used in the literature when experimental data is not available.

o o

- 0o a

1.30(IPL) and 1.52(LJ)]. It should be noted again that the results of the HS molecule are independent of fo, and so
those in Figs. 4 and 5 are the same as those in Fig. 3. The analyses for the Maxwell molecule were performed only
for Ty = 1, since the results at other Ty can be obtained by Eq. (4.5). In the case of the IPL and LJ models, we carried
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Fig. 3. Particle fluxes M}, M% and M)"(‘ vs Kn’ for He (species A) and Ne (species B) in the case of )(64 =0.5and f"o =1(Typ =273 K). The —

indicates the results of the LJ model, ------ those of the IPL model, — — — those of the hard-sphere molecule and — - — those of the Maxwell
molecule.

1.6
0.6 i
Q<
-~ < -
< <
= b}
> [
Lo
; X el . 0 L
107t 1 102
(v/7/2)Kn'
(b)

Fig. 4. Particle fluxes M%, M3 and M;’(‘ vs Kn' for He (species A) and Ne (species B) in the case of )(6x =0.5 and fo =2 (Ty = 546 K).
See the caption of Fig. 3.
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Fig. 5. Particle fluxes M%, M% and Mf(‘ vs Kn’ for He (species A) and Ne (species B) in the case of X(? =0.5 and fb =0.5 (Tp = 136.5 K).
See the caption of Fig. 3.

out the analyses and constructed the databases at five temperatures f"o =0.5,0.7, 1, 1.5 and 2. In Fig. 3, except for
the Maxwell molecule in Fig. 3(b), all the molecular models give almost the same results, since the viscosity and
mutual diffusion coefficient (or .Qf‘ZA, .QgB and .QlBlA) are almost common at f"o = 1. The difference between M?
and Mﬁ of the Maxwell molecule tends to vanish as Kn’ decreases, as was also seen in Fig. 2 (see the second to last
paragraph in Section 4.2). In Figs. 4 and 5, we can see more clearly the difference between the results of respective
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molecular models. However, the results of the IPL and LJ models are very close even in these figures and more or less
lie between the results of the HS and Maxwell molecule.

We should stress again that the databases constructed and provided as Electronic Annex 2 can reproduce values of
M¢$’s in the entire range of Kn and Xé“, whereas their behaviour only at X(;‘ = 0.5 in the limited range of Kn is shown
in Figs. 3-5. Supplementary figures and more detailed numerical data are presented as Figs. 2 and 3 and Tables 19—-45
in Electronic Annex 1 in the online version of this article.

5. Data of computations

In the following three subsections, we briefly summarize the data of computations performed for the construction
of the flux database.

5.1. Data of the finite-difference analysis for intermediate Knudsen numbers

We carried out the finite-difference analysis of the boundary-value problem (2.16), (2.21a) and (2.21b) in the range
0.01 < (/7 /2)Kn < 400. The above range of Kn was divided further into three or four small intervals and the formula
(4.2) was used in the respective small intervals. In total, we carried out the computations for all pairs of (Kn, X(f‘) made
up of 54-56 different values of (/7 /2)Kn in [0.01, 400] and 15-21 different values of X(f‘ in [0, 1].

All the computations were performed with common grid system in the (x2, ¢2)-space: 401 nonuniform points for x»
0O<x < %) with the maximum interval being 3.74 x 1073 (at xo = 0) and the minimum 7.81 x 10~ (at x, = %); 209
nonuniform points for § [|{2| < Emax (= 5.62/ i )] with the maximum interval being 0.161/ N (at |22| = Zmax)
and the minimum 5 x 10_6/«/W (at & = 0).

For the estimate of the accuracy of the computations, we introduced the following 65 (J = P, T, x) and d; (i =
1,2, 3) defined as

dp =max|Pp + x2],
X2

5.1
5J=H}S~X|PJ| J=T,yx), -1
and
dy=|(Apr — Arp)/Arp|, dy=|(Ayp — Apy)/Ayp|. 52
dy = |(Ary — Ayr)/Ayt], '
with
1/2
Ay =2/<x5‘u/} 4 xBuB)dus,
0
1/2
Aty =2f(Q§‘ + 0% dxy, (5.3)
0
1/2

Ay = 2/(u;‘ —ubydn, (J =P, T, ).
0

Both §;’s and d;’s are zero theoretically because of Eq. (2.14) for the former and of Onsager’s reciprocity relation
[35] for the latter. In the actual computations, however, they are not so exactly because of the numerical error, giving
a measure of accuracy of the present computations. In all the computations, we have 8; < 1.0 x 107!! and d; <
6.4 x 107> in the case of 0.01 < (/7 /2)Kn < 0.05, 8; < 3.8 x 10713 and d; < 2.4 x 107 in the case of 0.05 <
(V7 /2)Kn <20 and §; < 3.4 x 107'% and d; < 4.1 x 1078 in the case of 20 < (/7 /2)Kn < 400.
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5.2. Data of the analysis of the Knudsen-layer problem

As mentioned in the footnote in Section 3.1.2, the Knudsen-layer problem (3.8), (3.9a) and (3.9b) has a unique
solution if and only if the slip coefficient b, takes a special value. In principle, the solution can be obtained by
repeating the computations with different values of b, until the condition (3.9b) is satisfied. However, since such a
repetition is inefficient, we followed the method devised in Ref. [36] (see also Ref. [32]).

We carried out finite-difference analyses of the Knudsen-layer problem for 21 different values of XOA and con-
structed the formulas for b;(,) and M‘j(n) similar to Eq. (4.2) using the Chebyshev polynomial approximation. In
the computations, we used 651 nonuniform grid points for the space coordinate n [0 < 1 < 47.38] with the minimum
interval being 3.10 x 1077 (at n = 0) and the maximum 0.114 (for 13.29 < ). As for the molecular velocity ¢, we
used the same grid points as those for > in Section 5.1. As a measure of the accuracy, we have |S; )| < 4.2 x 10~
[see Eq. (3.10)] in all the computations.

5.3. Data of the numerical analysis of the integral equations

We first explain the method of the direct numerical analysis of the integral equations (3.16a)—(3.16¢). Let x;) [0 =
X0) <X(1) < <XQN-1) <X2N) = %] be the grid points in x,. The value of a function of x; at a grid point x;)
is represented by subscript “(i)”, i.e., u‘("i) =u®(x@)), L‘{‘(l.) = LY (x()), etc. Here and in the following, we omit the
subscript J (J = P, T, x) which distinguishes the kind of the flow. We first express L% (n =1, 2, 3) in the integrands
)

in Egs. (3.16a)—(3.16c) using L“( ) and sectionally quadratic functions w;”” as follows:
N—-1 2
Lys)= "> Ligjwr” ).
j=0 1=0
(5.4)
X2j+k
w(s) = x()(s) ]_[ _SReh
=0 YQ2j+D —XQj+h)
(kD)
with xjy (j =0,1,..., N — 1) being the characteristic function of the interval [x(2}y, x2j+2)], i.e., x(j)(s) =1 for

x2j) <5 < x@2j42) and x(j)(s) = 0 otherwise. Then, we substitute Eq. (5.4) into Egs. (3.16a)—(3.16¢) and evaluate
the resulting expressions at a grid point x(;y. As a result, we obtain discretized version of Egs. (3.16a)—(3.16c). For
example, Eq. (3.16a) becomes

N—1 2
1
a(l)
X§uly = 1o+ ) Z[ 2, />[AG]< 1)+~ §L§<2j+l))
=0 1=0
0 /=2 )
= 26, A0) L3¢ + mmg,j)[Al]Lg(zﬁz)] (53)

The .Qg(l)) is the numerical integral kernel and is defined as

1 X(2j+2) fe
2% h = / w (s)h (s X0 = X ) ds, (5.6)
x(Z_/)

where h represents Ag, A1, etc. Note that the numerical integral kernel does not depend on the subscript J, that is, it
is common to all the flows.

We carried out numerical analyses of the discretized integral equations in the range 100 < (/7 /2)Kn < 10* and
10* < (V7 /2)Kn < 100 separately, and used the formula (4.2) with Nx = N, = 8 in each range. We used 201

uniform grid points in x2 (0 < x2 < %) in the former range and 101 uniform grid points in the latter. The integral
kernels .Qz(i)) were prepared by applying the Gauss—Legendre formula to Eq. (5.6). As a measure of the accuracy, we

have 8; < 5.0 x 1078 and d; < 2.7 x 1077 in all the computations in the former range of Kn and §; < 2.8 x 10710
and d; < 4.7 x 1072 in those in the latter.
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6. Conclusions

The elemental channel flows, i.e., the Poiseuille flow, thermal transpiration and concentration-driven flow of binary
gas mixtures between two parallel plates, were investigated on the basis of the McCormack model equation and
the diffuse reflection boundary condition. We first analyzed the problem numerically by means of a finite-difference
method for intermediate Knudsen numbers. Then we carried out the asymptotic analysis for small Knudsen numbers
and the finite-difference analysis of the associated Knudsen-layer problems. For large Knudsen numbers, the system
of integral equations for macroscopic quantities was derived and was analyzed numerically and analytically.

The analyses were performed in the case of virtual gas mixtures composed of hard-sphere molecules or the Maxwell
molecules and in the case of mixtures of noble gases (He—Ne, He—Ar and Ne—Ar). In the former case, the results for
hard-sphere molecules were compared with corresponding results of the Boltzmann equation. In the latter case, the
inverse power-law potential and Lennard-Jones 12,6 models, as well as the hard-sphere and Maxwell molecule, were
employed, and their results were compared one another.

Making use of the above results, we constructed the database of the particle flux covering the entire ranges of the
Knudsen number and of the concentration and a wide range of the temperature. The database constructed and provided
as Electronic Annex 2 in the online version of this article can be incorporated in the generalized Reynolds equation
as well as the fluid-dynamic model in Ref. [3] describing the behaviour of a binary gas mixture in the Knudsen
COMPIESSOL.
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Appendix A. Macroscopic quantities

The macroscopic quantities w®, uf‘, etc. of species « are defined in terms of moments of ¢* as follows:

1
w“=/¢>°‘E“d3;, u?=g/¢i¢“E°‘d3;,

2
Pa:a)a+Xgea:_nf;la/|g|2¢aEad3;’

3
Py =2 [ qe0tEe s,

5
Q?=/§i(ﬁ1“|§|2— 5>¢“E“d3;,

(A1)

with d3¢ = d¢| d¢; d¢s. The integrations are performed over the whole space of ¢. The macroscopic quantities of the
mixture are expressed in terms of those of the component species as

-1
o= X b= X il (X i)
B=A,B =A,B

B=A,B
P=w+6= Y Pl Pj= ) Pl.’j., (A2)

B=A,B B=A,B

5
Oi= Y. [Q? — 30 i u?)].

B=A,B
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Appendix B. Chapman-Cowling integral

We shall show below the nondimensional counterpart an of the Chapman—Cowling integral .Qg.a for several

molecular models used in the present work. The ij.a is defined as

A 1 mPm® 172
@l = - [ } 28 (1), (B.1)
7 (dP)2 [ 2k To(mP 4 me)

B.1. Hard-sphere molecule

The reference diameter df “ in B—a collisions is defined as df “ = (dP +dY /2 with d* being the molecular
diameter of species . The .Qf;a for this molecular model is given by Egs. (10.1,1) and (10.2,1) in Ref. [21]. Following
the definition (B.1), we have

. 1 1+ (=1)
Qﬁa _ 9 _ + ( )
W ¥l

Note that an in this case is independent of To.

}(j + DL (B.2)

B.2. Inverse power-law potential model

In this model, the potential UA% of intermolecular force between species 8 and « is given by UP¥(r) = aP?/ poie!

with r being the distance between the centre of the molecules and a?® and vA% (> 3) the positive constants. The .Ql.’j.a

for this model is given by Eq. (10.31,7) in Ref. [21]. The definition of df * and expression of [}ga are as follows:

-2
A Ba 1 AR

(9 p— A;0POT(j+2- 2
i Toyz0 / P — 1)

pa_ (0P = Dat T
T 2k Ty ’

(B.3)

where f"o = To/ Ty, I" the gamma function and A; a function of vPY defined by Eq. (10.31,6) in Ref. [21]. The an
in this case depends on To.

The Maxwell molecular model is a special kind of the inverse power-law potential model whose exponents are
commonly set as VA% = 5. It is seen from Eq. (B.3) that an ’s in this case are commonly proportional to 7&0—1/ *_ Since

this common factor can be included in Kn [see Egs. (2.8)—(2.12) and (C.3) in Appendix C], one obtains Eq. (4.5) in
the case of the Maxwell molecules.

B.3. Lennard-Jones 12,6 model

In this model, the potential U”® of intermolecular force between species S and o is given by UP*(r) =
46’3"‘[(dj<8 « / r)12 — (df ¢ / r)6] with » being the distance between the centre of the molecules and P the positive
constant [i.e., d2 is defined so that UP*(d?®) = 0]. The an for this model is a function of 7p. Since its functional
form can not be obtained analytically, we constructed that only numerically.

Appendix C. Transport coefficients
The Chapman—Enskog method [21] or Sone’s asymptotic theory [24,25,9] (see also Ref. [26]) leads to the following

expressions of the transport coefficients for the McCormack model equation. The viscosity u, thermal conductivity A,
mutual diffusion coefficient D 4p and thermal diffusion coefficient D are expressed as
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. mA \ /2 p }L_XZK mA \ /2 I
w=pu %o polo, =r i\ e polo,

(C.1)
A 2k Ty 172 ~ (2T 172
Dap=Dap| —3 lo, Dr =Dr| — lo,
m m
with
p=pt+p8, A=it435,
: | b5 HA T
Dap = 4[1 — <—A + —>_i| ) (C.2)
205\ KBA mBys  xgt ) vgh
5B 5 A
Dr =2 )@ X ) pap = (BF — DM
T =<Xo X0 Vpa ~B_B A AB = AB>
m=Xo X0
and
4
. wh 4 x5 v Kb
— A0 4) (4 ’
yogh — Xg‘xgvéﬁ)véog(Kﬁ“)z
. 6 .
g = 3 g 1A+ G v K2
4 ]"aF/S _ nggvé%)vé?x)(Kﬂa)Z
(C.3)

2 A 2 6 A
5wy VBT ) — (i v KB i)
DY = —xo x K?
27020 rerp — 4o B (6) (6) K Ba)2
X0 X0 Vap Vga )

3
W = x5 — VDK + x§ v KP?,

I = X§ (0 = VDK + x§ v K.
Suppose that 8 # « in Eq. (C.3),1i.e., 8 =B fora = A and § = A for « = B. The u, A, Dap and thermo—diffusion
ratio k7 (= D1 /D 4p) for the McCormack model coincide with the corresponding results for the Boltzmann equation
obtained by the Chapman—Enskog method at the first or second approximation. To be more specific, i, A, k7 and D4 p
here coincide, respectively, with [1t]1, [A]1, [k7]1 (the first approximation) and [Dj2]> (the second approximation) in

Ref. [21].
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